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In a recent article S. Gharibian [Phys. Rev. A 86, 042106 (2012)] has conjectured that no two qubit separable
state of rank greater than two could be maximally non classical (defined to be those which have normalized
geometric discord 1/4) and asked for an analytic proof. In this work we prove analytically that among the
subclass of X states, there is a unique (up to local unitary equivalence) maximal separable state of rank two.
Partial progress has been made towards the general problem and some necessary conditions have been derived.
PACS numbers: 03.67.Mn, 03.65.Ud
As it is well known, the basic tasks in quantum information
theory are mainly characterization, quantification and possible
applications of quantum correlations. Of these, the characteri-
zation part is naturally the elementary step where different no-
tions of quantumness emerge from different perspectives. It is
always interesting to characterize the states having maximum
quantumness (subsequently depends on both the notion and
the measure of quantumness), because in general, different
notions induce different ordering on the state space. For ex-
ample, given two entangled measures E1, E2, there are states
ρ1, ρ2 such that E1(ρ1) > E2(ρ1), but E1(ρ2) < E2(ρ2) [1].
Thus, maximally entangled states with respect to (w.r.t.) E1
need not be the same w.r.t. E2. As a result, historically when-
ever a new measure was proposed, this question was raised
subsequently. For some classic examples, see [1–3].
Naturally, the recently introduced quantum discord [4], or
its well studied variant, the geometric discord [5–8] should
not be any exception. It is known that the usual geometric
discord reaches its maximum only on maximally entangled
states (|Ψ〉 = ∑i |ii〉/√dim) [9]. However, a much advertised
distinctive feature of quantum discord is that it can be non-
zero even for separable states. Therefore an obvious question
would be: what is the maximum discord for separable states?
To our knowledge, the first general bound on entropic dis-
cord [4] for separable states was δA ≤ min{S A, S B,I(A : B)},
given by A. Datta (see pp. 40 of [10]). Since then, a vast
literature has appeared for characterization of maximally dis-
cordant states — applying both analytical [11–13] and numer-
ical techniques [14–18], mainly for two qubits. Very recently,
Gharibian [19] has proved analytically that among rank two
separable states of two qubits, the maximum value of normal-
ized geometric discord is 1/4 and conjectured that no sepa-
rable two qubit state of higher rank could achieve this value.
The aim of the present work is to explore this conjecture.
Before proceeding further, let us define the relevant quan-
tities. The main object, the geometric discord (GD), for an
m ⊗ n state is defined by (normalized to have maximum value
1)
D(ρ) = m
m − 1 minχ∈Ω0 ‖ρ − χ‖
2, (1)
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whereΩ0 is the set of zero-discord or classical-quantum (CQ)
states (given by ∑ pk|ψk〉A〈ψk | ⊗ ρBk ) and ‖X‖2 = Tr(X†X) is
the Frobenius or Hilbert-Schmidt norm. Consider an arbitrary
two qubit state in the Bloch form
ρ =
1
4
[
I ⊗ I + xtσ ⊗ I + I ⊗ ytσ +
∑
Ti jσi ⊗ σ j
]
(2a)
:= (x,y, T ). (2b)
Then its GD can be calculated analytically [5],
D(ρ) = 1
2
[
‖x‖2 + ‖T‖2 − λmax(xxt + TT t)
]
, (3)
with the optimalCQ state given by χ = (etxe,y, eetT ) [5, 20]
and e being the eigenvector of
G := xxt + TT t (4)
corresponding to the maximum eigenvalue of G. Denoting by
λ
↓
i (X) and λ↑i (X) the eigenvalues (counted multiplicities) of X
in non-increasing and non-decreasing order respectively, the
conjecture thus becomes
max
{ Separable ρ}
3∑
i=2
λ
↓
i (G) =
1
2
(5)
Although geometric discord is necessarily a quantum re-
source, at least in some restricted scenario [21, 22], we must
emphasize that irrespective of usefulness of geometric dis-
cord, this problem is interesting in its own right. As evident
from Eq. (5), the problem can be cast as an optimization prob-
lem among separable states, without any relation to discord.
Also, we note the close resemblance with important inequali-
ties:
‖T‖1 :=
3∑
i=1
√
λ
↓
i (TT t) ≤ 1 (6a)
M(ρ) :=
2∑
i=1
λ
↓
i (TT t) ≤ 1. (6b)
The first inequality is a necessary condition for separability
for two qubit states [23]. The last one is a sufficient condition
for satisfaction of CHSH inequality for two qubit states [24].
2Maximally non classical separable two qubit X states. As
it is almost customary, first we will consider the X states. This
family includes Bell diagonal states, Werner states and cor-
responds to many physical systems, e.g., the Ising and XY
models etc. A detailed study of discord of X states has been
carried out recently in Ref. [25]. However, the analysis there is
unnecessarily complicated due to consideration of completely
irrelevant phases. Also, the present question was out of their
purview.
Proposition 1 The maximum ofD among two qubit separable
X-states is 1/4. Moreover, all such maximal states have rank
2.
In computational basis, two qubit X-states are given by
ρ =

a 0 0 p
0 b q 0
0 q c 0
p 0 0 d
 , (7)
where, without loss of generality, we have taken all entries
non-negative. Because, the local unitary (LU) transformation
|0〉k → exp
(
i
−θp + (−1)kθq
2
)
|0〉k
will drive out the phases of p, q, and neither D nor rank
changes under LU.
The requirement ρ ≥ 0 gives the constraints p2 ≤ ad and
q2 ≤ bc. We also need the separability constraints, i.e., pos-
itivity of partial transposition (PPT). Noting that the partial
transposition just interchanges p and q, it follows that ρ rep-
resents a separable state iff
max{p, q} ≤ min{
√
bc,
√
ad}. (8)
With explicit calculation, we havex = (0, 0, a+b−c−d) and
G = diag{4(p+q)2, 4(p−q)2, 2(a−c)2+2(b−d)2}. Therefore,
2∑
i=1
λ
↑
i (G) ≤ 8(p2 + q2) (9a)
≤ 16 min{ad, bc}, (9b)
where equality occurs in Eq. (9a) iff
4(p + q)2 ≤ 2(a − c)2 + 2(b − d)2 (10)
and equality occurs in Eq. (9b) iff
p = q = min{
√
ad,
√
bc} (11)
As we are seeking for maximum, it follows from Eq. (9b) that
the maximum occurs iff
ad = bc, (12)
and the maximum value in Eq. (9) becomes max{16ad} sub-
ject to
ad = bc = 18
[
(a − c)2 + (b − d)2
]
(13a)
a + b + c + d = 1. (13b)
We show in Appendix that this maximum occurs at a = b =
(2 ± √2)/8, c = d = 1/(32a) and hence maximum possible
value of D is 1/4.
We also note that the conditions (11) and (12) were neces-
sary to achieve this maximum. Thus, it is necessary that the
state has rank 2 and up to LU, the unique separable X-state
having the maximum D is given by
ρ =
1
4
√
2

√
2 + 1 0 0 1
0
√
2 + 1 1 0
0 1
√
2 − 1 0
1 0 0
√
2 − 1

(14)

Quite surprisingly, the authors of Ref. [16] have obtained
this state numerically as the optimal one, starting from a rank
two X state. On the other hand, the author of Ref. [19] has
given the unique (up to LU) optimal state among rank two
separable state as
σ =
1
2
(|00〉〈00| + | + 1〉〈+1|) = 1
4

2 0 0 0
0 1 0 1
0 0 0 0
0 1 0 1
 . (15)
Although, σ apparently does not looks like an X state, we
note that ρ and σ are LU equivalent, namely σ = (U⊗V)ρ(U⊗
V)† with
U =

1+
√
2√
4+2
√
2
1−√2√
4−2
√
2
1√
4+2
√
2
1√
4−2
√
2
 , V =
1√
2
(
1 1
1 −1
)
.
Now let us give
Some necessary conditions for maximally discordant separa-
ble states.
Proposition 2 No two qubit separable state with x = 0, or
TT t = λ2I could be maximally discordant.
By Proposition 1, a maximally discordant separable state must
have D(ρ) ≥ 1/4.
Now, from Eq. (6a), a necessary condition for separability
is
∑
σi(T ) ≤ 1 [23]. So, assuming the singular values of T as
a, b, c ≥ 0, we must have
a + b + c ≤ 1 (16a)
a2 + b2 + c2 − max{a2, b2, c2} ≥ 1
2
(16b)
which is clearly impossible, as the maximum of a2 + b2 + c2 −
max{a2, b2, c2} subject to the constraints a + b + c ≤ 1 and
non-negative a, b, c is 2/9 < 1/2.
The second assertion follows by noticing that the eigenval-
ues of G then become {‖x‖2 + λ2, λ2, λ2}. 
Remark: The separability condition can not be ignored in
proposition 2, as for the Werner state
ρw = p|Ψ−〉〈Ψ−| + (1 − p)4 I
3where |Ψ−〉 = (|01〉 − |10〉)/√2, we have x = 0 and D = p2
thereby D > 1/2 whenever p > 1/
√
2. The conjecture in
Eq. (5) predicts the stronger result that D(ρ) > 1/2 implies
the state is surely entangled, irrespective of x. Note that this
result also prohibits the separable Bell-diagonal states to be
maximally discordant [16].
The separability condition in the conjecture is really impor-
tant, even for existence of extrema.
Proposition 3 The function D has no maximum among rank
2 two qubit states.
It is well known that the maximum of D(ρ) is 1 and attained
only at pure maximally entangled states (i.e., rank one states).
So it suffices to show that there is always a rank two state ρǫ
having D(ρǫ) = 1−ǫ. Out of many possibilities, one such rank
two state is given by
ρǫ =
12 +
√
1
4
− ǫ3
 |Ψ〉〈Ψ| +
12 −
√
1
4
− ǫ3
 |00〉〈00| (17)
It is easy to verify that the optimal measurement operators
Π1,2 = (I ± σx)/2 give the required value of D. 
We note that the state in Eq. (17) remains entangled for the
entire range of ǫ ∈ [0, 3/4]. Also, changing ǫ → 3/4 − ǫ, it
follows that there is always a rank two (entangled) state having
D = 1/4 + ǫ.
Before finishing, let us mention some of our failed attempts
towards this conjecture. We have been able to prove the con-
jecture (including the uniqueness), under anyone of the fol-
lowing interrelated assumptions:
i. A maximally discordant separable state (MDSS) ρ must
have at least one closest CQ state as ρA ⊗ ρB
ii. An MDSS should have y = 0
iii. G has degenerate spectrum for any MDSS
iv. G is singular for any MDSS
But we do not know why (or how to establish) anyone of these
is necessary for MDSS. A quite unpleasant situation occurs
while trying to directly solve the optimization problem:
max f (x, T ) := ‖x‖2 + ‖T‖2 − etTT te
Vanishing of the gradient gives
∂ f
∂x
= 0 ⇒ x = etxe (18a)
∂ f
∂T
= 0 ⇒ T = eetT (18b)
These two equations are enough to determine a unique MDSS.
But unfortunately, the Hessian matrix is Block-diagonal with
block 2(I − eet) ≥ 0. Thereby we can not guarantee that this
is indeed the maxima.
Appendix: Proof of the optimization in Proposition 1
We first note that the constraint (13a) implies abcd , 0,
a , c, b , d. Now let us try to parametrize (a, b, c, d) using
the constraints. To absorb the first constraint, without loss
of generality, we can take a = bk, c = dk, k > 0. Then the
constraint (13b) becomes
b + d = 1k + 1 , (A.1)
and we are left with only the following constraint
(a − c)2 + (b − d)2 = 8bc
⇒ (b − d)2(k2 + 1) = 8bdk. (A.2)
From (A.1) and (A.2), we get
4bd = k
2
+ 1
(k + 1)4 (A.3)
Noting that ad = bdk, we have to find the maximum of the
function
f (k) = k(k
2
+ 1)
(k + 1)4
subject to k > 0. The derivatives are very easy to calculate.
Indeed, f ′(k) = 0 only at k = 1 and f ′(1) = f ′′(1) = f ′′′(1) =
0, but f ′′′′(1) = −3/16 < 0. Hence, the unique maximum
occurs at k = 1. From (A.1) and (A.3), this corresponds to the
solution a = b = (2 ± √2)/8, c = d = 1/(32a). 
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